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Let wr fivst stavt wim He Yasich o) ave7 Spat V
03 He name suggdbs jts o Spats Comprising h Vedeis D

For cimplicily think % tese vedurs betney embedded in o Euctician
space 0 (Le. space 45 dimension 2)

A
,(- Thie Wl where we can dvaw two vedors
5 v,V €I

V)

>
Figz vedwr space R

Veckor spact is defined wting two Key propertics:

D Any Cealoy wakiple & & vedor v EV is still a pogt 9 V
ie. i) veV tun LVEV H a€R

¢ Lt v= (y2) €F and =3 ER
than ot9 = (3,6) which is alsomp,;n;l:aulz2

2) i} any two veckys i, VL EV tom ol U+ AV €V

29: v= (127 = (2 4]
O('_-'-’— |, dz:?

= U+ ol = (1 2]7+2(24]
= [( 27+ (6 12]
= (1 14] e R

T machive Ieaa—ninaJ, most 9} the dada are ossumid 4o be vectors

M hal anaina 1 hiskoy Aimenciane hu® it aldaur & anod
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der o Ueri%z Hram !

one partiudosty wieful reswltof considuing veddor space iS hat
one Can we€ an ey produck Struckurl to compore didderent
Vedor & — Wis (¢ key in padiern ot ching oten done in mochine
!um\in?

49: imu predudt in Eudidean vedor spaces.
Lt 9,9, € R4 a vecksy Spots & d- Aimensions ,itmun o Inne prodet
LV, ¥,) = v]rv,_ where V) 9, are Yepeesented o
oW vectors
Cin ML, e dimendione d are generolly vefered to as feotures)

Ove con wie Hu inned preduct to measure lengths %) vethers ina veddey Spatd
hamely, 9l = 44\9,1}) where I[- [l vepresents novm.

We con then make we of the novm o compulr distancs usirg 2
dCy,w) = || y-wIl  Whee dC,) isa distance

( Nole Wial e can comput Y-w = V+ (D wang [ Vecky
cpatz definition (2) and te norm as defined above)

g7 To illwtyali that (g jc an (e fomllior to o, lebs Considss on
txample in Ewo dimensionad Euctiduon spocd B>
Lets demb W= (v, V] w= [0 0] be two vedsisink
% v-w = [9-w; U]

.
T 2-
2 llv-wll= ( [v-w; 9,-0,] (v, 1;,_4.),_])

‘IZ
= <[ vy —Wy } {Ul—w| ]7;—\;0;])
Vz’w

= |
= (-(Vlvwl)z+ ("71."""’2)7’) =
I]\



v
dos tily vemind tgou d) a fermala ou knoa T

Now, lets revisit one o} \t properties % tie vechbrspatl = pwperty 2.

This propevtyp soup tive o cousd genevats a new Velloy blo lineorly
Combininoa twd vedors that bdovx? o te veectoy space Yyou're intevested In

This assumption s too S1veng i} we do't kvow that dafa we (onsidered
Can be genefa(ed in the same ay .

in Hie case that tu data is not part % a lingay spacs, e use e texm
manifold to imply that Wards o inherent non-linkoy Structure 1o tn data

without making it &xtremly complex, o manifold Can be thaught % as a
"space® here at any giwen point P, it loks Uke a Eudideon vty
spate  but fuather away faomit, Wi highly “caved".

To illustyate, conside o drde dsawn in lf’
A P
— Civle is an examgpe 9) o mwanifeld
= avound p ( ha thitk blua region) ta
Spacg is fainly "flat® (b, Lke a
> Vedoy Spa

— but for from p, we & that tta
Spett has Cavvature.

An alernale def inition %) a manifod that Shoud be extremely wseful

for owr pwrposy (s ¢ ity a Set J points that are Gonstyoined fo follew
a nw-Uneay ggquadion.

e The urde in 1€ s defined os pointy (1,9) Suthtnf
(L'L"" ‘a_‘lf ='



So, now how do we compare twp prints on a maniFld? what's inngs-pzoded:
what is a distan2’

we will defire these Helow using Riemarnian geometrey.
We have Aescribed easlieY Wat inney poduds ore wseful do Compare

two vedoYS. For manifolds o definition o) inney product comes from
a  tongent gpate-

Consides o point p on & manifold M. Suppase C be a cuvve passing
l'hrougln p-
we Con taw defing velocy 9 %) the aave C ab point P as i Hme
devivative.
This velodly yechy an be vepresented in tau local coordinalsy o) tim
wenifold ar P in a Euclidesn Spacs.
( Wis is becowse manifold is lotally Fat and ton be appozimated
04 on Eudidean spawr)

Thus we have a spaw 4} velodity vedars for ¢ach point p on ta monifold
called Tongent Space To(M)

29: Ewry Eudidean spoct is o manifld and wR (on deive it tergent
spaces uwivey o following pro2duwre.

1) Stoat by nanmh‘n% a tuzre 04 o time SnopShote 9 pantg
in Euclideon iy wowd be F(¢) = VE+P at peid

2) Take tta time devivate o) the cumve at £=0
Jlo) = V
3) singe Hu cuve J we onsideved isin Rt vethy 1R
wn Tp(RY = )

€3 Let's consides a slightly complex exomple In @ civcle tmveddud in K>

\le Nonin Stoxb 148 A Fuaw A m M rmle/ﬁ‘) nA o colleeBHnn



e, ij- v

dy  points
ginte HYxe cizdde is in R e can poramederine ta wwve pased on
time Cie. a poth traveled botweatn t=0 and t=1)

2 dty= [N 1] eR

—weey VT A WM VYW TS ITWMA WRTWR W g v e

~ - s —— vy

9
Nowo Wing Hz, condraint * '7;.1{)4' 7.1 =1
taking the dasivatie : % Q)71+ AHO R =0
wyiting it Wing inney 2 F1t), Jt) ) =0
L " moduck /
The instantaneoun veloGity vechor <) 7It) 8 V= 2(t) is
now also Constyained by R alove 29uotion.

Namely tha tangent spatl fox & point on e ciscle st
ofthogenad vecto¥ in l:g

Hopefully , Ha above discussion has convinud you that,  For &

carved wonifdd, we can atlach a tangent Spatt that allow wste
do uvehry caledus and distante Computatian.

The tangent space oy a manifold allows usto define on inney produtt
wli\ng Riemannion metzic [y t name Riemannion geomdry

The definition % Riemannion metxic vs ay Follows:
given a vedhy space V, we define o Funtkion P : vxv—oR

(mmn'm? that it takes two vettors in V and Spies ot veod
nambey)

Suth hat 1. @BV, + §V2, w) = oL @B(vy,w)+ §P(V2,w0)

2. g(vowtpuy) = of Flv,w)+ pB(vwz)

e above foxmulation might look innocuws but it simply suggat

ot |t metric decompates ovey e azquments T Ha
Funchon.



Two key reSuAbs follow:
6) @ ic symmebic e Fow) = flww)

b) it beomes an inner produck i itis pasitive definile
. @Cvv)Z0 ond
g@v) =0 & V=0

29: Eutkideon spaw R" ity torgunt Space TpCM)-'-—'"ln
the Riemannion mesic i¢ Something V02 have Sen before
@G v, V) = WV
2
Q%: Congider W cpate R, = {P-‘= (Pt/l’z)elﬂz“’z7°} also

Colled a3 tu wppt¥-hal}y plone
This cpaes has a yary didberent Riemonnion metric C called
hvypesholic) and it changes fiam potnt to point.

The bargent spate is aqain ttu chtne 1By & TW) = K
We  Riemormion mesic @ (v V2) = JiVFVz
51

tontsasl W) fo ke Euclidean
aivm ahove

Ac we Aid before in vectot spacy, we can wie the inney product Shiutture b
detine ond tompulr o distance.

For monifold & howerer, the distanws ore computed wiirg lenglh Fpa path
olong the manifol a-

As You mi gnt imoging there couwld ba madtiple paths Covmcuﬁri?
two points4 but we are infeyested pn t shoatest one 2 thate called
a 3eode£lc.

(

/\ ~ There ave ©w0 palhs Connecking peints P4,



be a <eodesic
= Note howerey,the Line Connecking P9,
2 is not & geodesit althaugh it appears
to be compuling a distance

lot us knaw shikt our focus onto how do w2 Meatwwe tie laghh % [t
geedesic .

P q

we can Consides (e path betiveen two points to be composed &)y Set dy
Po-inbh( dzawon as %X above)

if we make tu spaung petwern Il points ontie path infintesimally
Smali, them we con approximatl length o) te infinilgsimal veckor Minj
tw novm on e tangent Spate
in e figure abave, We can compuke tt SYALinG by measaing
lengh, 4 vedksr ©

Now, the lenglt; & BRe path Connecting Pand 9 s Simply a cum (invegporda’
oves all such infmitesimally Smadl vectors,

To wrife this into a formula, considey o parameberized path JU) as
before .
Then we have, infinifesima? yeckoy U= jLﬂL-(:)

ﬂen('ﬂ) = [ dg oﬁ) 1

To Compul Hae path lulal's , e nad b in-lg'mfl Lancv) owey Wow hmd

L = j Len()(¥) dE

t=0

The acedocir 12 Hir nath A Haak minimioon Ha lematts 1 13).



A U\v—-b;-b 1w CAEL . I LA e R by B s e

we Qefne ttae 3eade5|'c distan(e

a(p,e) = mnlU?) 3@=P
3 Fn=9,

AS you Con S¢ from tiu above 2qualian, the geodesic is an opfimitation
pyoblem

But for particular monifolds df (nievest, we can obtain closed form
Solwbions.

wiat €0 do next?

~ Hopefully gou got a toste % vhat docs Riemamion geomttry,
mean ond why % it importont to deda oral yaia?

—  You Shoutd try 4o plasg avound with ipbuent mani fids in
3eoms’cau ond viSaaline geodesica !

=~  Can you think ) where con we wie u gGeodesics we defined
above 1
hint = Think 0 non-Unvoy dimensinalityy veduction mefhods
Such as  iComap



